The mirror curves enable us to study B-model topological strings on non-compact toric Calabi-Yau threefolds. One of the method to obtain the mirror curves is to calculate the partition function of the topological string with single brane. In this paper, we discuss two types of geometries; one is the chain of N P 1 's which we call "N -chain geometry," the other is the chain of N P 1 's with a compactification which we call "periodic Nchain geometry." We calculate the partition functions of the open topological strings on these geometries, and obtain the mirror curves and their quantization. Through the computation, we find some difference equations of (elliptic) hypergeometric functions.
Introduction and Summary
Topological string introduced in [1] is known as a toy model to understand string theory compactified on Calabi-Yau threefolds. Two formulations, the A-model topological string which depends on the Kähler moduli, and the B-model topological string depending on the complex modulus, are related to each other via mirror symmetry [2] . For the noncompact toric Calabi-Yau threefolds, the gravity sector is decoupled, and it ends up with gauge theory with supersymmetry: The A-model topological string computes the partition function of 5d N = 1 supersymmetric gauge theories compactified on a circle with the selfdual omega background [3] . In the B-model topological strings, the partition function is closely related to the entropy of the supersymmetric black hole [4] . The B-model topological string is encoded to the complex 1-dimensional manifold in the toric Calabi-Yau threefold Σ = {(x, p) ∈ C * × C * | H(x, p) = 0} where x, p ∈ C * = C\{0}, the so-called "mirror curve" [5] .
Recently, it has been shown that quantization of the mirror curves introduced in [5, 6] provides the non-perturbative effects in the B-model topological strings on the toric Calabi-Yau threefolds [7] . This formalism is now known to be relevant to ABJM theory [8, 9] , integrable system [10, 11] , and even condensed matter physics [12, 13] . Therefore, it seems worthy to study the mirror curve and its quantization for various fields.
In this paper, we consider the topological string theories on two kinds of toric Calabi-Yau threefolds: One is the chain geometry which is defined as a horizontal chain of P 1 's that we call "N -chain geometry." The other is the chain of P 1 's as well, but the horizontal axis is compactified, that we call "periodic N -chain geometry", as in Fig. 1 . The left panel of Fig. 1 is studied, e.g. in [14, 15] . The right panel of Fig. 1 is studied in the context of 6 dimensional gauge theories [16, 17, 18, 19] , and the Seiberg-Witten curve for the similar case has been studied in [20] . where x is the modulus of brane, and g s is the string coupling constant [5, 6] . We call above difference equation as "quantum mirror curve" The operator H(x, p) can be interpreted as the quantization of the polynomial H(x, y). Conversely, by replacing the operators x and y with the classical variables x and y, we obtain a polynomial H(x, y) and the classical curve Σ = {(x, p) | H(x, p) = 0} 1 . We can calculate Z o (x) by the topological vertex technique [21, 22] 2 , and derive the mirror curve in both cases in Section 3, which is consistent with the known result especially for N = 1.
In this paper we calculate the partition functions of the topological string with the brane on vertical axis and horizontal axis, Z o (x) and Z o (x). Accordingly, we derive two operators annihilating the partition functions, H(x, p) and H (x, p), and take the classical limit. Then we find
under some constraints for the Kähler parameters denoted by Q m where q := e igs .
It has been shown in [16] that the toric diagram of periodic chain geometry is given by a set of the infinite chain geometry, as we will also mention in Section 3. Based on this result, we expect the partition functions for the chain geometry to be related with the one for the periodic conifold. Then, we find that the partition function of the open topological string on the periodic chain geometry is exactly the same as the one on the ∞-chain geometry with the brane inserted on the internal line. This means that the mirror curve of the periodic chain geometry can be realized as the ∞-chain geometry. In the context of the supersymmetric gauge theories geometrically engineered from the toric Calabi-Yau threefolds [27, 28, 29, 30, 31, 32] , the compactified theories with the defect can be obtained from the uncompactified theories with the defect. We stress that although the partition function of the closed topological string on periodic chain geometry does not agree with the one on ∞-chain geometry, we find a relation between them.
The rest of the paper is organized as follows. In Section 2, we calculate the partition functions of the topological strings with the branes on (periodic) N -chain geometries by utilizing the topological vertex. Actual computation is based on the vertex operator formalism which is well established in the context of the melting crystal [33, 34] . In Section 3, we will provide the prescription to obtain the mirror curves and its toric diagrams corresponding to the web diagrams by the method argued in [30, 35] . In Section 4, we conclude with some remarks and discussions. The notation and formula are summarized in Appendix A.
Chain geometries and its compactification
In this Section we calculate the topological string partition function with additional branes on two kinds of the toric Calabi-Yau threefolds, that we call the chain geometries, based on the topological vertex formalism. In practice, we apply the vertex operator formalism to compute the partition function.
Chain geometries
We consider the N -chain geometry with additional branes on the left and right most of horizontal lines as shown in Fig. 2 (a) . The corresponding topological string partition function is given by 
where U and W are the holonomy matrices associated with the branes. The function C λµν (q)
is the topological vertex defined as 
where x = {x i } and y = {y i } are the set of the eigenvalues of the holonomy matrices V and W , respectively. To compute this partition function, we apply the vertex operator formalism in the following.
The skew-Schur function is given as a matrix element of the vertex operator
4)
where |µ is the fermionic Fock state labelled by the partition µ = (µ 1 ≥ µ 2 ≥ · · · ≥ 0) ∈ Z ∞ ≥0 , and V ± (x), V ± (x) are the vertex operators. Their concrete definitions are summarized in Appendix A. Then the partition function (2.3) is expressed as a chiral correlator of these vertex operators on a plane C,
(2.5)
Note that the partition function (2.5) is reduced to the closed sting partition function on the N -chain geometry, when we remove the operators V + (x) and V − (y), or equivalently set
Then we obtain the partition function with the formula (A.15f),
where Q τa := Q ma Q a , and we shift the variables x i → −x i and y i , Q N y i → y i . The closed string partition function is given by setting x i = y i = 0 for ∀i ∈ Z >0 ,
.
(2.7)
Therefore the open string sector of the partition function Z N,o chain is obtained by subtracting the closed string contribution,
(2.8) Next we consider the N -chain geometry with the additional branes on the vertical lines as shown in Fig. 2 (b) . The partition function associated with this geometry is similarly computed with the topological vertex formalism,
where we impose µ 0 = µ N = ∅. Again we can calculate the partition function by using the operator formalism, 10) and the result is
, (2.11) so that the brane contribution is given by
where x (a) and y (a) are the eigenvalues of the holonomy matrices U (a) and W (a) , respectively.
Note that, if we restrict the geometry to the single brane insertion, namely x (a) i = δ a1 δ i1 x and y (a) i = 0, the partition function can be expressed as the basic q-hypergeometric function,
where the basic q-hypergeometric function r φ s−1 (a 1 , a 2 , ..., a r ; b 1 , b 2 , ..., b s ; q; z) and q-shifted factorial (q-Pochhammer symbol) (x; q) n (n ≥ 1) are defined as
(2.14)
The q-difference equation for this q-hypergeometric partition function will play a key role in quantization of the mirror curve, as discussed in Section 3.
Compactification
Next we calculate the partition function of the topological strings on periodic N -chain geometries defined in Fig. 3 . To begin with, we calculate the partition function in Fig. 3 (a) which is given by
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where p is the framing of the branes that we will set p = 0, and the parameter Q r corresponds to the location of the branes, as in Fig. 4 . By using the following formula for the topological vertex [31] , 16) where N α µν is the Littlewood-Richardson coefficient, we find
Qr , x 2,i := 1 x i Q r . In the operator formalism, the partition function can be expressed as a torus correlator,
At this point, we find that the compactification implies to replace the expectation value 0| · · · |0 in the chain geometry with the trace Tr[· · · ] with x = x 1 , y = x 2 . The closed string partition function is thus given by
which is the 2N -point correlation function of free fermions on a torus.
By using the trace formula 3 ,
we find the following result,
,
where we define the following variables,
and we shift the variables, x i → −x i and y i → −y i . The first line in (2.21) is just the closed string partition function Z c N,period , so that the remaining contribution is the partition function of the open topological string,
(2.23)
To obtain the simple expression, we shift the variables,
Finally we calculate the partition function of the topological string on the toric Calabi-Yau threefold in Fig. 3 (b) which has been calculated in [18, 19, 37] .
where we impose the periodic boundary condition, µ N = µ 0 . After the similar computation, we find
) .
(2.25)
Dividing the full partition function Z N period by the closed string contribution Z c,N period , we obtain the partition function of the open topological string,
(2.26)
Again, for the single brane geometry, x 
where we define the theta function 28) and the elliptic hypergeometric function and elliptization of the q-Pochhammer symbol are defined as
(2.29)
We will discuss the q-difference equation for this hypergeometric function in Section 3.
Mirror curve of chain geometry
Now we shall derive the quantum operator H(x, y) from the partition function of the topological string with the single brane by the method in [30, 35] . The coupling constant g s plays a role of the Planck constant, so that we can obtain the classical mirror curve by taking the limit g s → 0.
The quantum operators annihilate the partition function of the open topological string, so that the task is how to find such operators. Here we present the procedure of finding H(x, y) and H(x, y):
1. Regarding the partition function as a function of the modulus of the single brane Z(x), find the relation between Z(qx) and Z(x).
2. Promoting the classical value q to the operator p = e igs∂u where u is related to the modulus x = e u , so that px = qx. Let us demonstrate the above procedure in the simplest case, N = 1, which corresponds to the resolved conifold and its compactified geometry. This is the special case since the geometry has the extra symmetry under exchanging the branes on the vertical and horiontal axis. After that, we will discuss the general case, N > 1.
Express the relation between

The simplest case N = 1
In the case of N = 1, the partition functions of the topological strings are given from the results (2.8), (2.13), (2.23), (2.27) , in the previous Section,
where we set x 1 = x, x i>1 = 0, y i = 0 in (2.8) and (2.23), and elliptic gamma function,
To obtain Z 1,o period , we use following analytic continuation,
The former infinite product is for the region |q| < 1, while the latter is for |q| > 1.
Interestingly, from the q-binomial theorem, and Z 1,o period as an extension of the q-binomial theorem. In the chain geometry, by shifting the variable x to qx, we find the following relation,
From this expression, the partition function satisfies the quantum mirror curve,
Hence we find the operator H 1 chain ,
where we flip the sign of variables, x → −x, p → −p, and H chain → −H chain . The classical mirror curve is
which is well-known result for the resolved conifold.
We next derive the operator from Z 1,o chain (x). By defining the coefficient of x n as Z (n) ,
we find the following difference equation,
so that the quantum mirror curve is
The operator H 1 chain is then
where we flip the sign of variables, x → −x and p → −p. Therefore, we find
We should stress that this relation is satisfied only N = 1 due to the geometrical symmetry.
In Sec. 3.2, we will discuss the general case, and find the similar relation.
The similar calculation provides the quantum operators of the periodic 1-chain geometries,
14b)
and classical polynomials
The classical polynomials are consistent with the Seiberg-Witten curves of 6d U(1) gauge theory in [16] . From these expressions, we find
This means that the symplectic transformation exchanging x and p corresponds to the Sduality for the D5 and NS5 branes as shown in Fig. 3 . Since (x, p) exchange is realized as Fourier transformation, the corresponding open string partition functions, Z 1,o period and Z 1,o period , are expected to be converted to each other through Fourier transformation. From these expressions, the toric diagrams are given in Fig. 5 . Especially, we find that the toric diagram of the periodic chain geometry is given by the collection of the black dots infinitely spanned on one of the axis. Here we express the toric diagram of the periodic chain geometry as the dots spanned along the vertical axis. 
General case N > 1
In the previous Section, we have provided the prescription to obtain the mirror curve, and demonstrated the computation in the simplest case. In this Section, we provide the result of the mirror curve in the general case.
The partition function of the (periodic) N -chain geometries with single brane are given by
The quantum operators are (3.19d) and the classical polynomials are
When the Kähler parameters Q ma are set to the same values, Q ma = Q m , again the quantum operators and the classical polynomials have following relations,
21a)
The toric diagrams of these mirror curves are given in Fig. 6 . In the N -chain geometry, the toric diagram of the mirror curve is extended to the collection of (2N + 2) dots. These quantum mirror curves must be identified with the difference equations for the (elliptic) hypergeometric functions. damental and anti-fundamental hypermultiplets, whose brane realization is found in Fig. 7 , is given by
where a(x), d(x) are polynomials in x of degree N , encoding the fundamental and anti- Then we identify the first factor with the contribution of the left NS5 brane,
Turning on the Ω-background, one can obtain the differential equation for the corresponding gauge theory partition function, which is regarded as quantization of (3.26) [41] . We can also apply this argument to 5d and 6d theories. For 5d theory, we just replace
x ∈ C with C * , and the factorized curve (3.26) agrees with the mirror curve for the chain geometry (3.20) . Actually the geometry shown in Fig. 7 (d) coincides with the web diagram of the chain geometry. For 6d theory, the polynomials, a(x) and d(x), are replaced with the elliptic function, and (3.26) agrees with the periodic chain geometry similarly.
Relation of the chain geometry and periodic chain geometry
At a glance, the toric diagram of the N -chain geometry is similar with the one of the periodic 1-chain geometry when N is sufficiently large. Indeed, the partition function of the ∞-chain geometry with single brane under the constraints Q τ k = Q τ and Q ma = Q m is given by We interpret Z ∞,o chain (Q τ x −1 ) as the partition function of the topological strings with the antibrane. In terms of the toric diagram, this leads to the collection of the dots extended along the negative vertical axis. Actually this observation suggests a possible realization of 6d (elliptic) gauge theory using 5d super group theory as discussed later.
From this observation, when we calculate the partition function of the open topological
string on the 2N -chain geometry with the inner branes as in Fig. 8 , and take the limit N → ∞, we expect that this partition function agrees with the periodic N -chain geometry since the worldsheets attached on the brane from the left and right side have the opposite orientation, and correspond to the contributions coming from the brane and anti-brane. N-chain geometry N-chain geometry 2N-chain geometry Figure 8 : The 2N -chain geometry with the inner branes. The branes are located at the middle of the chain geometry.
The partition function is simply given by replacing the operator (−Q N ) L 0 to V − (x 1 )(−Q N ) L 0 V + (x 2 ) in the partition function of the closed topological string (2.6), which is exactly the same as the partition function of the topological string with single brane on the periodic 1-chain geometry, so that the mirror curves of two geometries are also the same.
Then, one might wonder what about the closed topological strings. The result is that the partition function on the ∞-chain geometry is infinite product of the periodic 1-chain geometry,
The interpretation of the above results is as follows: When there is a P 1 's, the worldsheet can be wrapped on 2-cycles whose Kähler parameter is Q m , and the contribution is (1 − Q m q i+j−1 ). Let us consider the case where there are some P 1 's whose Kähler parameters are Q ma and Q a . Here we denote P 1 's characterized by Q ma and Q a by P 1 ma 's and P 1 a 's, respectively. In this situation, the worldsheet can be wrapped on some 2-cycles, and there are three types of contributions, (1 − Q ma a−1 k=b Q τ k q i+j−1 ), (1 − Q m b a k=b+1 Q τ k q i+j−1 ), and (1 − Q ma Q b a−1 k=b+1 Q τ k q i+j−1 ), as in (2.7). When we fix a = 1 in the product in (2.7), b runs from 2 to ∞, and the collection of the product becomes Z 1,c period under Q ma = Q m and Q τa = Q τ , and these contributions come from the worldsheet wrapped on P 1 ma 's and P 1 b 's where a ≥ 1, b > 1. The similar discussion can be applied for a ≥ 2, so that the result is the infinite product of Z 1,c period . In the open topological string, the partition function is divided by the partition function of the closed topological string, so that the contributions come from the worldsheet wrapped on the Lagrange submanifold, P 1 ma 's, and P 1 a 's. These contributions become to Z 1,o period . The important point is that the maps from the worldsheet to the toric Calabi-Yau threefold are connected, so that there is no other contribution due to the normalization, Z o = Z/Z c .
The periodic N -chain geometry can be realized as the similar way; consider the 2N Mchain geometry with single brane on the middle of the chain, and imposing the "periodicity" on the Kähler parameters as follows, Q m a+N = Q ma , Q τ a+N = Q τa .
(3.33)
By taking the limit, M → ∞, we obtain the partition function of the periodic N -chain geometry with single brane as the ∞-chain geometry with single brane.
The connection between the open and periodic chain geometry also implies a possible connection for the 6d and 5d gauge theories. As shown in (3.28), we need to combine the brane and anti-brane contributions to realize the periodic chain geometry. Since the antibrane engineers the supergroup gauge theory [42] , this observation implies the connection between 5d supergroup gauge theory and 6d gauge theory. We can see such a connection from 
Discussion
In this paper we have discussed the (quantum) mirror curves from the partition functions of the open topological strings calculated by the topological vertex.
There are some topics for the further studies. First of all, it would be interesting to calculate the non-perturbative effects of the topological strings on the periodic chain geometry based on the mirror curve derived in this paper. According to [44] , the non-perturbative free energy of the topological strings on periodic 1-chain geometry is given by the combination of the unrefined free energy and the Nekrasov-Shatashvili limit of the free energy of the refined topological string. As we mentioned in the introduction, the authors in [7] proposed that the non-perturbative free energy is closely related to the quantization of the mirror curve, and this conjecture is investigated in various examples. However, to the authors' knowledge, there is no evidence for the periodic geometry.
In this paper, we have obtained the genus-0 and -1 mirror curves corresponding to the chain geometry and the periodic chain geometry, respectively. The derivation of the higher genus mirror curve is difficult since there are two or more partitions that we cannot take the summation, so that we cannot derive the difference equation for the partition function at this stage. If this issue is resolved, we can investigate the B-model topological string theory on the more complicated chain geometry.
The mirror curve of the periodic chain geometry has been obtained from the infinitely long chain geometry. We can do the same process for the periodic chain geometry, namely, we can consider periodic ∞-chain geometry. By regarding Q τ and Q τ i as a independent moduli parameters, and imposing Q τ i = p, we obtain
Γ e (xq −i+1/2 ; Q τ ; p) Γ e (xQ m q −i+1/2 ; Q τ ; p) , (4.1)
This result should be interpreted as "compactification" of the web diagram. It would be interesting to clarify what the physical meaning is.
In the mathematical viewpoint, investigating the elliptic version of the q-binomial theorem is worthy. As we mentioned in Section 3, the partition function Z 1,o chain agrees with 1/Z 1,o chain due to the symmetry of the geometry. When we compactify the geometry, the partition function is elliptized, and expressed as the theta function. Since the symmetry the chain geometry had is broken, some modification would be needed to find the relation between Z 1,o period and Z 1,o period . We will come back to these issues in the near future.
· · · · · · Figure 10 : The Frobenius coordinate. By drawing the diagonal line, we can define two kinds of the lengths, α i and β i .
They are useful to calculate the partition functions of the topological string.
